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Introduction
Let M be a smooth quasiprojective complex n-fold, and G a finite group of automorphisms of M. Suppose that M has trivial canonical bundle K M = 0, and G acts trivially on a global basis s ∈ H 0 (K M ) (we say that K M is trivial as an equivariant sheaf, or that the group action is Gorenstein). In particular, the stabiliser subgroup at each point x ∈ M acts on the tangent space as a subgroup of SL(T x M); the quotient variety X = M/G is Gorenstein and has K X = 0. An interesting particular case that motivated our work is when M = C n and G is a finite subgroup of SL(n, C). The group G has an induced action on Hilb |G| M, the Hilbert scheme parametrising length |G| clusters Z in M (a cluster Z ⊂ M is a zero dimensional subscheme). Let S be the invariant subscheme of this action, which thus parametrises G-invariant clusters in M, and Y = Hilb G M ⊂ S the unique irreducible component mapping birationally to M/G, that is, containing clusters made up of |G| reduced points forming an orbit G · x ⊂ M. We write Z for the universal closed subscheme Z ⊂ Y × M.
There is a commutative diagram of schemes
in which q and τ are projective and birational, and p is finite and flat. We make G act trivially on X and Y , so that all morphisms in the diagram are equivariant. Write D G (M) for the derived category of G-equivariant sheaves on M and D(Y ) for the derived category of Y (all sheaves considered are quasicoherent, and morphisms between them are O-linear; by D we understand the bounded derived categories). Consider the functor
where we think of a sheaf on Y as G-equivariant by allowing G to act trivially (p * is already exact, so we do not need to write Lp * ). This paper proves that in certain cases Y is a crepant resolution of X and Φ an equivalence of categories. The main result is the following: Theorem 1.1 Suppose that the fibre product
Then Y is a crepant resolution of X, and Φ is an equivalence of categories.
Note that the condition holds in particular whenever n ≤ 3, because the exceptional locus of Y → X has dimension ≤ 2; it certainly fails in dimension ≥ 4 whenever Y → X has an exceptional divisor over a point. It also holds whenever G preserves a complex symplectic form on M, and Y is a symplectic resolution of X (see Verbitsky [16] , Theorem 2.8). Thus we obtain Theorem 1.2 Let G be a finite group of symplectic automorphisms of a quasiprojective complex symplectic variety M. Assume that Y is a crepant resolution of X. Then Φ is an equivalence of categories.
Minor modifications of our methods also give the following result: Theorem 1.3 Let M be any smooth quasiprojective n-fold, not necessarily Calabi-Yau, with an action of a finite group G. Let Y = Hilb G M be defined as above. Suppose that the fibre product Y × X Y has dimension exactly n. Then Y is smooth.
This gives in particular an alternative proof of the theorem of Kidoh and Nakamura that Hilb G C 2 is a resolution of C 2 /G for any finite subgroup G ⊂ GL(2, C).
Background
Let M = C n . The conjecture that the G-Hilbert scheme Y is a crepant resolution of M/G for any finite G ⊂ SL(3, C) is due to Nakamura, who proved it for an Abelian group G; see [11] , and compare Reid [13] . Theorem 1.1 generalises the theorem of Ito and Nakajima [8] that the map on K theory induced by the functor Ψ is an isomorphism. It also contains a result of Kapranov and Vasserot [9] on the (easy) case n = 2. The idea of stating the McKay correspondence in terms of K theory, which goes back in some form to Gonzalez-Sprinberg and Verdier [7] , is contained in [13, Conjecture 4.1]; this conjecture is proved here as an exercise in derived category and Fourier-Mukai transforms, which seems easier than constructing a Beilinson resolution directly as in Ito and Nakajima [8] (although it comes to the same thing in the end).
Tutorial in category theory
The knowledgeable reader may skip this section, which consists of elementary preliminaries in category theory.
Triangulated categories and Serre functors
A triangulated category (see, for example, Verdier [17] ) is an additive category A equipped with an automorphism T A : A → A (the shift functor), and a collection of distinguished triangles
of morphisms of A satisfying certain axioms. The most important example is the derived category A = D(A) of an Abelian category A: an object of D(A) is a bounded complex of objects of A (up to a certain equivalence relation called quasi-isomorphism), the shift functor moves a complex to the left by one place, and a distinguished triangle can be thought of as the mapping cone of a morphism of complexes.
A functor Φ : A → B between triangulated categories is exact if it preserves the relevant structure; that is, it commutes with the shift functors and takes distinguished triangles of A to distinguished triangles of B. For example, derived functors between derived categories are exact.
We need Bondal and Kapranov's notion of a Serre functor on a triangulated category. This abstracts the properties of Serre duality on a smooth projective variety, and provides interpretations in the derived category of statements such as Y is crepant, or M has equivariantly trivial canonical class. Let A be a triangulated category in which all the Hom sets are finite dimensional vector spaces. A Serre functor for A is an exact equivalence S : A → A inducing bifunctorial isomorphisms 
Equivariant derived category
Our main reference for this section is Bernstein and Lunts [1] . Let M be a scheme with a (left) algebraic action of a group G. A G-sheaf on M is a coherent O M -module F together with isomorphisms
such that λ 1 = 1 F , and for any pair g, h ∈ G the composite isomorphism
is equal to λ hg . One defines morphisms of G-sheaves in the obvious way, and checks that the resulting category is Abelian. Suppose G acts on two schemes M 1 and M 2 , and one has a G-equivariant functor
Then one can define a functor
in the obvious way. Moreover one checks easily that if β :
is an adjoint functor to α then β is also equivariant, and the resulting functor
is an adjoint to α G . If G acts on a smooth variety M then G acts linearly on the tangent space to M at each point, so the tangent bundle becomes an equivariant sheaf in a well-defined way. Taking the dual of the highest exterior power, the canonical bundle ω M of M is also a G-sheaf. Our assumption that G acts trivially on a global basis s ∈ H 0 (K M ) says exactly that ω M is trivial as a G-sheaf.
Lemma 2.3 Let G be a finite group acting on a smooth n-fold M. Then the functor
is a Serre functor for the category D G c (M), where ω M is considered a G-bundle as above.
Proof Abstract nonsense.
Trivial actions
When a group G acts trivially on a quasiprojective scheme Y , the category
over the irreducible representations {ρ 0 , ρ 1 , . . . , ρ k } of G (where ρ 0 = 1 is the trivial representation). Here D ρ (Y ) is the derived category of coherent sheaves on Y on which G acts via ρ. This is because any equivariant locally free sheaf decomposes in this way, and we can replace an arbitrary object by a complex of locally free objects. In particular, any object
consisting of the part of F fixed by G. Thus we have a pair of functors
where the first functor is − ⊗ ρ 0 (that is, 'let G act trivially') and the second is
(that is, 'take the fixed part'). These behave like projection and inclusion of a direct summand, and it is easy to check that B is both a left and right adjoint for A.
A criterion for equivalence
We need the following criterion for a functor between triangulated categories to be an equivalence of categories. A triangulated category A is decomposable as an orthogonal direct sum of two full subcategories A 1 and A 2 if every object of A is isomorphic to a direct sum a 1 ⊕ a 2 with a i ∈ Ob(A i 
Proof If F is an equivalence then it must commute with the Serre functors, otherwise we could use it to define two distinct Serre functors on A, which is impossible.
For the converse, suppose F is fully faithful with a left adjoint G : B → A. It is easy to check (Orlov [12, p. 6] ) that F also has a right adjoint given by the composite H = S A • G • S as synonymous expressions, we say that Φ is left adjoint to Ψ or that Ψ a right adjoint of Φ.
The following is a useful mnemonic. Let (v, v ′ ) be the duality pairing between dual vector spaces V and V ∨ . A linear map ϕ : V → V has a corresponding adjoint map ψ :
, and given by the transpose matrix. We could call ϕ the left adjoint of ψ, etc.
Exercises
The following are exercises in unwrapping the definition, and are used many times below. 
A functor Φ :
A → B having a right adjoint commutes with categorical direct limits.
Examples
1. See 2.3.
If g :
A → B is a ring homomorphism, then g * M = M ⊗ A B (taking A-modules to B-modules) is a right adjoint of the restriction of scalars g * .
3. If f : X → Y is a continuous map of topological spaces, the sheaf theoretic inverse image f −1 is a left adjoint of f * (on the categories of sheaves of groups). This is exactly the definition of f −1 F : it is the sheaf on X with a morphism F → f * (f −1 F ), universal in the sense that for G on X any morphism F → f * G is induced by a unique morphism
4. Putting together the two preceding ideas, if f : X → Y is a morphism of schemes, the inverse image f * = O X ⊗ f −1 (on the categories of O-modules) is a left adjoint of f * .
If f : X → Y is a projective morphism of schemes then Rf
also has a right adjoint f ! . This is essentially the statement of Grothendieck-Verdier duality.
Homological characterisation of regularity
Our proof that Hilb G M is smooth follows an idea developed in Bridgeland and Maciocia [5] for moduli spaces over K3 fibrations, and uses the following famous and difficult result of commutative algebra:
is a nonexact complex of finitely generated free A-modules with each homology module
and A is regular.
As a rough slogan, regularity is a property of the derived category. For the proof, see [5] , Section 5 and compare Roberts [14] , [15] .
To see the significance of the theorem we need some definitions. Let Y be a scheme of finite type over C, and E ∈ Ob D(Y ). The support of E is defined as the locus of Y where E is not exact, that is, the union of the supports of the cohomology sheaves of E (a closed subset of Y ). It is easy to check [4, Example 2.2] that given a closed point y ∈ Y ,
The homological dimension of E, written hom dim(E), is the smallest nonnegative integer s such that E is isomorphic in D(Y ) to a complex of locally free sheaves on Y of length s. If no such integer exists we put hom dim(E) = ∞. One can prove [5] that if Y is quasiprojective, and there is a nonnegative integer n such that for any point y ∈ Y ,
In this language, the two parts of Theorem 3.1 becomes the following statements ( [5] , Section 6).
Corollary 3.2 Let Y be a scheme of finite type over C, and E a nontrivial object of D(Y ). Then codim(Supp E) ≤ hom dim(E).
Corollary 3.3
Let Y be an n-dimensional scheme over C, and fix a point y ∈ Y . Suppose that there is an object E of D(Y ) such that for any point z ∈ Y , and any integer i,
Suppose also that H 0 (E) ∼ = O y . Then Y is smooth at y, and E ∼ = O y .
The main theorem
The aim of this section is to prove Theorem 1.1. (The proof of Theorem 1.3 is similar but easier.) We need the following lemma concerning G-clusters on M. 
, by the formula
where
is the derived dual. Note that O Z has finite homological dimension, since Z is flat over Y and M is smooth, so that O ∨ Z is indeed a bounded complex.
denote the restrictions of Φ and Ψ to the full subcategories consisting of objects with compact supports. 
has the left adjoint Rπ Y * by Grothendieck-Verdier duality and the fact that the relative dualising sheaf for π Y is equivariantly trivial. Note that as in Lemma 2.2 we must restrict to the subcategories with compact supports to apply the duality theorem. 
by the adjunction (Ψ c , Φ c ).
Let y 1 and y 2 be distinct points of Y . By Lemma 4.1 above and Serre duality as in Lemma 2.3,
If y 1 and y 2 are points of Y such that τ (y 1 ) = τ (y 2 ) then the corresponding clusters Z y 1 and Z y 2 are disjoint, so that the groups in (2) Now fix a point y ∈ Y , and put E = ΨΦ(O y ). We proved above that E is supported at the point y. We claim that H 0 (E) = O y . Assuming this for the moment, note that Corollary 3.3 now implies that Y is smooth at y, and
To prove the claim, note that there is a natural map E → O y , so we obtain a triangle
for some object C of D c (Y ). Using the adjoint pair (Ψ c , Φ c ), this gives a long exact sequence
The homomorphism ε is just the Kodaira-Spencer map for the family of clusters {O Zy } y∈Y (see Bridgeland [4, Lemma 4.4 Thus Y is smooth, and for any pair of points y 1 , y 2 ∈ Y , the homomorphisms The functor Φ has a right adjoint Ψ To show that Φ is an equivalence it remains to show that for any object 
Consequences of equivalence
In this section we put M = C n and assume that the functor Φ is an equivalence of categories The equivalence Φ induces an equivalence
so we obtain a diagram
in which the vertical arrows are embeddings of categories. Note that the Euler characteristic gives natural bilinear forms on both sides; if E and F are objects of D G (C n ) and D G 0 (C n ) respectively, then we can compute
since the fact that F is a bounded complex of finite length modules implies that the Ext groups are only nonvanishing in a finite interval. Similarly, we can compute the ordinary Euler characteristic on the left. The fact that Φ is an equivalence of categories commuting with the shift functors immediately gives 
Equivalence on K theory
as the Grothendieck groups of the corresponding triangulated categories. The following lemma is proved in the same way as in Gonzalez-Sprinberg and Verdier. This formula is obtained by considering a Koszul resolution of O 0 on M, as in Gonzalez-Sprinberg and Verdier [7] . For example, in the case n = 2 one has r = 2 − c. The bilinear forms considered above descend to give nondegenerate pairings on the Grothendieck groups.
Relation with Ito-Nakajima
This is rather clear. Let the irreducible representations of G be {ρ i } k 0 . Then the G-bundles {O C n ⊗ρ i } form a basis of K G (C n ). The dual basis of K G 0 (C n ) is formed by the finite modules O 0 ⊗ ρ i .
The homomorphism ϕ −1 takes the first basis to the cohomology classes of the vector bundles R i and the second to the cohomology classes of the sheaves S i respectively. If one writes down a Koszul resolution of O 0 and tensors with ρ i one obtains the formula for S i given in Ito and Nakajima [8] .
